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UNIQUENESS OF A MEROMORPHIC FUNCTION AND ITS
LINEAR DIFFERENCE POLYNOMIAL SHARING TWO SETS
WITH FINITE WEIGHTS
GOUTAM HALDAR
Abstract. In this paper, we investigate the uniqueness property of meromor-
phic functions together with its linear difference polynomial sharing two sets.
Using the polynomial introduced in [FILOMAT 33(18)(2019), 6055-6072], we
have improved the result of Li-Chen [Abstract and Applied Analysis, 2014,Ar-
ticle ID 894968] in sense of reducing cardinalities of the main set S and the
associated weights. Some examples have been exhibited to validate our certain
claims in the main result.
1. Introduction, Definitions and Results
Let f and g be two non-constant meromorphic functions defined on the set of
complex numbers C and a ∈ C ∪ {∞}. We say that f and g share the value a
CM (counting multiplicities) if f − a and g − a have the same set of zeros with
the same multiplicities and if we do not the multiplicities, then f and g are said
to share the value a IM (ignoring multiplicities).
Throughout the paper, we have used the standard notations and definitions
of value distribution theory of meromorphic functions introduced in [11]. We
recall that T (r, f) denotes the Nevanlinna characteristic function of the non-
constant meromorphic function. Also we denote by S(r, f) any quantity satis-
fying T (r, f) = o(T (r, f)) as r → ∞ possibly outside a finite set of logarithmic
measure and N(r, a; f) (N(r, a; f)) denotes the counting function (reduced count-
ing function) of a-points of meromorphic functions f . A meromorphic function
a(z) is said to be a small function of f if T (r, a) = o(T (r, f)). Let S(f) be the
set of all small functions of f . For a set S ⊂ S(f), we define
Ef(S) =
⋃
a∈S
{z|f(z)− a(z) = 0},
where each zero is counted according to its multiplicity and
Ef(S) =
⋃
a∈S
{z|f(z)− a(z) = 0}, where each zero is counted only once.
If Ef (S) = Eg(S), we say that f , g share the set S CM and if Ef(S) = Eg(S),
we say f , g share the set S IM.
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In 2001, Lahiri ([14], [15]) introduced a remarkable notion called weighted
sharing of values and sets which which renders a useful tool in the literature. We
explain the notion in the following.
Definition 1.1. [14] Let k be a non-negative integer or infinity. For a ∈ C∪{∞}
we denote by Ek(a, f) the set of all a-points of f , where an a point of multiplicity
m is counted m times if m ≤ k and k+1 times if m > k. If Ek(a, f) = Ek(a, g),
we say that f , g share the value a with weight k.
We write f , g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k) then f, g share (a, p) for any integer p, 0 ≤ p < k.
Also we note that f, g share a value a IM or CM if and only if f, g share (a, 0)
or (a,∞) respectively.
Definition 1.2. [14] Let S be a set of distinct elements of C ∪ {∞} and k be a
non-negative integer or ∞. We denote by Ef (S, k) the set
⋃
a∈S Ek(a, f).
Clearly Ef(S) = Ef (S,∞) and Ef(S) = Ef(S, 0).
Suppose p be a non-zero complex constant. We define the shift of f(z) by
f(z + p) and define the difference operators by
∆pf(z) = f(z + p)− f(z),
∆npf(z) = ∆
n−1
p (∆pf(z)), n ∈ N, n ≥ 2.
In 1995, Li-Yang in [16] obtained the following result.
Theorem A. [16] Let m ≥ 2 and let n > 2m + 6 with n and n −m having no
common factors. Let a and b be two non-zero constants such that the equation
ωn + aωn−m + b = 0 has no multiple roots. Let S = {ω | ωn + aωn−m + b = 0}.
Then for any two non constant meromorphic functions f and g, the conditions
Ef(S,∞) = Eg(S,∞) and Ef ({∞},∞) = Eg({∞},∞) imply f ≡ g.
Let us explain some standard definitions and notations of the value distribution
theory available in [11] which will be used in the paper.
Definition 1.3. [13] For a ∈ C ∪ {∞}, we denote by N(r, a; f |= 1) the count-
ing function of simple a-points of f. For a positive integer m, we denote by
N(r, a; f |≤ m) (N(r, a; f |≥ m)) the counting function of those a-point of f
whose multiplicities are not greater (less) than m, where each a-point is counted
according to its multiplicity.
N(r, a; f |≤ m) (N(r, a; f |≥ m)) are defined similarly except that in counting
the a-points of f we ignore the multiplicity. AlsoN(r, a; f |< m), N(r, a; f |> m),
N(r, a; f |< m) and N(r, a; f |> m) are defined similarly.
Definition 1.4. [15] For a ∈ C ∪ {∞}, we denote by N2(r, a; f) = N(r, a; f) +
N(r, a; f |≥ 2).
Definition 1.5. [15] Let f and g share a value a IM. We denote by N∗(r, a; f, g)
the counting function of those a-points of f whose multiplicities differ from the
multiplicities of the corresponding a-points of g.
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Recently, the shift and difference analogue of the Navanlinna theory has been
established (see, e.g. [9, 10, 12]). Many researchers started to consider the
uniqueness of meromorphic functions sharing values with their shifts or differ-
ences operators (see, e.g. [1, 2, 5, 6].) In 2010, Zhang [20] considered a meromor-
phic function f(z) sharing sets with its shift f(z+ p) and obtained the following
result.
Theorem B. [20] Let m ≥ 2 and n ≥ 2m + 4 with n and n − m having no
common factors. Let S = {ω | ωn + aωn−m + b = 0}, where a and b be two non-
zero complex constants such that the equation ωn+aωn−m+b = 0 has no multiple
roots. Suppose that f(z) is a non-constant meromorphic function of finite order.
Then Ef(z)(S,∞) = Ef(z+p)(S,∞) and Ef(z)({∞},∞) = Ef(z+p)({∞},∞) imply
f(z) ≡ f(z + p).
For an analogue result in difference operator, Chen-Chen [8] proved the fol-
lowing result.
Theorem C. [8] Let m ≥ 2 and n ≥ 2m+4 with n and n−m having no common
factors. Let a and b be two non-zero complex constants such that the equation
ωn + aωn−m + b = 0 has no multiple roots. Let S = {ω | ωn + aωn−m + b =
0}. Suppose that f(z) is a non-constant meromorphic function of finite order
satisfying Ef (S,∞) = E∆pf(S,∞) and Ef({∞},∞) = E∆pf({∞},∞). If
N(r, 0;∆pf) = T (r, f) + S(r, f),
then f ≡ ∆pf.
In 2014, Li-Chen [17] considered a linear difference polynomial of f in the
following manner
(1.1) L(z, f) = bk(z)f(z + ck) + . . .+ b0(z)f(z + c0),
where bk(z)( 6≡ 0), . . . , b0(z) are small functions of f , c0, c1, . . . , ck are complex
constants and k is a non-negative integer satisfying one of the following condi-
tions:
b0(z) + . . .+ bk(z) ≡ 1,(1.2)
b0(z) + . . .+ bk(z) ≡ 0(1.3)
and obtained the following theorem.
Theorem D. [17] Let m ≥ 2 and n ≥ 2m+4 with n and n−m having no common
factors. Let a and b be two non-zero complex constants such that the equation ωn+
aωn−m+b = 0 has no multiple roots. Let S = {ω | ωn+aωn−m+b = 0}. Suppose
that f(z) is a non-constant meromorphic function of finite order and L(z, f)
is of the form (1.1) satisfying the conditions (1.2) and (1.3). If Ef (S,∞) =
EL(z,f)(S,∞), Ef ({∞},∞) = EL(z,f)({∞},∞) and N(r, 0;L(z, f)) = T (r, f) +
S(r, f), then
f(z) ≡ L(z, f).
Remark 1.1. In (1.1), if we assume cj = jp, j = 0, 1, . . . , k and bk(z) =
(
k
0
)
,
bk−1 = −
(
k
1
)
, bk−2 =
(
k
2
)
, . . . , b0 = (−1)k
(
k
k
)
, then it can be easily seen that
L(z, f) = ∆kpf .
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Remark 1.2. From the above discussions, it is to be observed that in Theorem
B, Theorem C and Theorem D the minimum cardinality of the main range set is
9. Also they have got their results under CM sharing hypothesis.
So, naturally one may ask the following questions.
Question 1.1. Can we further get some other main range set whose cardinalities
is less than 9 ?
Question 1.2. Is it possible to get the uniqueness of the meromorphic function
f with its linear difference polynomials under relax sharing hypothesis without
assuming the conditions (1.2), (1.3) and N(r, 0;L(z, f)) = T (r, f) + S(r, f) ?
The above two questions are the motivation of writing the paper. In this paper,
using a new type of range set by taking the zeros of the polynomial introduced in
[4], we proved a result which improves theorem D in some sense without assuming
the conditions (1.2), (1.3) and N(r, 0;L(z, f)) = T (r, f) + S(r, f).
We now recall here the uniqueness polynomial P (z) introduced by Banerjee-
Ahamed [4]
(1.4) P (z) = azn + bz2m + czm + d,
where n,m are positive integers with n > 2m, gcd(n,m) = 1 and a, b, c, d ∈
C−{0}, c
2
4bd
=
n(n− 2m)
(n−m)2 6= 1; a 6= γj = −
1
n
(2bmω2mj + cmω
m
j ), with ωj be the
roots of the equation zm +
2nd
c(n−m) = 0.
Then by simple calculation it can easily seen that all the zeros of P (z) are
simple.
Let us define
(1.5) W (z) = − az
n
bz2m + czm + d
.
Now,
W (z)− a
γj
= −aγjz
n + bz2m + czm + d
γj(bz2m + czm + d)
= −a Q(z)
γj(bz2m + czm + d)
,
where Q(z) = γjz
n + bz2m + czm + d.
It is to be observed that Q(ωj) = Q
′
(ωj) = Q
′′
(ωj) = 0 but Q
′′′
(ωj) 6= 0 for
j = 1, 2, . . . , m.
Therefore,
(1.6) W (z)− βj = −a
m∏
j=1
(z − ωj)3Rn−3m(z)
bz2m + czm + d
,
where Rn−3m(z) is a polynomial of degree n− 3m and
(1.7) βj =
a
γj
, j = 1, 2, . . . , m.
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The following theorem is the main result of the paper.
Theorem 1.1. Let S = {z | P (z) = 0}, where P (z) is a polynomial given by
(1.4) and n(≥ 2m+ 3), m(≥ 1) be two positive integers such that gcd(n,m) = 1,
a, b, c, d are non zero complex numbers,
c2
4bd
=
n(n− 2m)
(n−m)2 6= 1 and a 6= γj for
j = 1, 2, . . . , m. Let f(z) be a transcendental meromorphic function of finite
order. Suppose Ef(z)(S, 3) = EL(z,f)(S, 3) and Ef(z)({∞}, 0) = EL(z,f)({∞}, 0),
where L(z, f) is defined in (1.1) . Then
f(z) ≡ L(z, f).
Keeping in view of the Remark 1.1, we can easily obtain the following corollary
from the above theorem.
Corollary 1.1. Suppose S be defined as in the theorem 1.1, n(≥ 2m+3), m(≥ 1)
be two positive integers such that gcd(n,m) = 1, a, b, c, d are non zero com-
plex numbers,
c2
4bd
=
n(n− 2m)
(n−m)2 6= 1 and a 6= γj for j = 1, 2, . . . , m. Let
f(z) be a transcendental meromorphic function of finite order and p be a non-
zero complex constant. Suppose Ef(z)(S, 3) = EL(z,f)(S, 3) and Ef(z)({∞}, 0) =
EL(z,f)({∞}, 0), then f(z) ≡ ∆kpf.
Remark 1.3. Next example shows in the main result, the polynomial P (z) can
not be choose arbitrarily.
Example 1.1. Since, minimum degree of the polynomial P (z) is 5, so let us
consider P (z) = z5 − 1. So, S = {: P (z) = 0} = {1, θ, θ2, θ3, θ5}, where θ =
cos
(
2pi
5
)
+ i sin
(
2pi
5
)
. Let
f(z) =
(
1 +
k
√
θ
)z/c sin (2πz
c
)
e2πiz/c − 1 .
Verify that ∆kcf = θf , and hence∆
k
cf and Ef(z)(S, 3) = E∆kcf(S, 3) and Ef(z)({∞}, 0) =
E∆kcf({∞}, 0), but f 6≡ ∆kcf.
Remark 1.4. From the next example we see that, it is not necessary f to be of
finite order in the main result.
Example 1.2. Consider the function
f(z) = 2z/c
esin(
2piz
c )
sin
(
2πz
c
)− 1 .
Clearly, we see that order of f is infinite, and Ef(z)(S, 3) = E∆kcf(S, 3) and
Ef(z)({∞}, 0) = E∆kcf({∞}, 0), also f ≡ ∆kcf.
Remark 1.5. The following examples satisfy the conditions of theorem 1.1 and
note that, it is not necessary to assume the conditions (1.2) or (1.3) in order to
get the uniqueness of f(z) with L(z, f).
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Example 1.3. Let f(z) = e
log 3
p
z, where p is a non-zero complex number. Let
L(z, f) = f(z + p)− 2f(z). Clearly we have L(z, f) = f(z).
Example 1.4. Let f(z) = e
ipi
p
z, where c is a non-zero complex number. Suppose
L(z, f) = −f(z − 2p) + f(z − p) + 3f(z). Then, clearly L(z, f) = f(z).
Example 1.5. Let f(z) = ez and c1, c2 and c3 are three complex numbers.
Suppose L(z, f) = f(z+ c3)+ f(z+ c2)+ f(z+ c1)− f(z). Then L(z, f) = (−1+
ec1+ec2+ec3)f(z). If we choose c1, c2 and c3 in such a way that e
c1+ec2+ec3 = 2,
then L(z, f) = f(z).
Example 1.6. Let f(z) = e
z
1−cos( ipi
p
z)
, where p is a non-zero complex number.
Suppose L(z, f) = 2f(z+2ip) + f(z− 2ip)− f(z). Then L(z, f) = (−1+ 2e2ip+
e−2ip)f(z). Now let us choose p ∈ C such that p = npi, where n = 0,±1,±2, . . ..
Then L(z, f) = f(z).
2. Lemmas
In this section, we present some lemmas which will be needed in the sequel.
Let us define three functions F , G in C by
(2.1) F = W (f) = − af
n
bf 2m + cfm + d
and
(2.2) G = W (L(z, f)) = − aL(z, f)
n
bL(z, f)2m + cL(z, f)m + d
.
We also denote by H , V the following functions
H =
(F ′′
F
′
− 2F
′
F − 1
)
−
(G′′
G
′
− 2G
′
G− 1
)
,
V =
F
′
F (F − 1) −
G
′
G(G− 1) .
Lemma 2.1. [15] Let F , G be two non-constant meromorphic functions such
that they share (1, 1) and H 6≡ 0. Then
N(r, 1;F |= 1) = N(r, 1;G |= 1) ≤ N(r,H) + S(r, F ) + S(r, G).
Lemma 2.2. [3] Let F, G be two non-constant meromorphic functions sharing
(1, t), where 1 ≤ t <∞. Then
N(r, 1;F ) +N(r, 1;G)−N(r, 1;F |= 1) + (t− 1
2
)N∗(r, 1;F,G)
≤ 1
2
[N(r, 1;F ) +N(r, 1;G)].
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Lemma 2.3. Suppose F , G share (1, 0), (∞, 0) and βj be defined as in (1.6) are
non-zero complex numbers. If H 6≡ 0, then,
N(r,H) ≤ N(r, 0;F |≥ 2) +N(r, 0;G |≥ 2) +
m∑
j=1
N(r, βj;F |≥ 2)
+
m∑
j=1
N(r, βj;G |≥ 2) +N∗(r, 1;F,G) +N ∗(r,∞;F,G) +N 0(r, 0;F ′)
+N0(r, 0;G
′
) + S(r, F ) + S(r, G),
where N0(r, 0;F
′
) is the reduced counting function of those zeros of F
′
which are
not the zeros of F (F − 1)∏mj=1(F − βj) and N0(r, 0;G′) is similarly defined.
Proof. By the definition of H we verify that the possible poles of H occur from
the following six cases: (i) The multiple zeros of F and G. (ii) The multiple βj-
points of F and G for each j = 0, 1, 2, . . . , m − 1. (iii) Those common poles of
F and G, where each such pole of F and G has different multiplicities related
to F and G. (iv) Those common 1-points of F and G, where each such point
has different multiplicities related to F and G. (v) The zeros of f
′
which are
not zeros of F (F − 1)∏mj=1(F − βj). (vi) The zeros of G′ which are not zeros of
G(G−1)∏mj=1(G−βj). Since all the poles ofH are simple, the lemma follows. 
Lemma 2.4. [18] Let f be a non-constant meromorphic function and P (f) =
a0 + a1f + a2f
2 + . . . + anf
n, where a0, a1, a2, . . . , an are constants and an 6= 0.
Then
T (r, P (f)) = nT (r, f) +O(1).
Lemma 2.5. Let F, G be given by (2.1) and (2.2), where n(≥ 2m + 3) be an
integer and H 6≡ 0. Suppose that F, G share (1, t) and f , L(z, f) share (∞, k),
where 2 ≤ t <∞. Then, for the complex numbers βj as given by (1.7), we have
n
(
m+
1
2
)
{T (r, f) + T (r, L(z, f))}
≤ 2{N(r, 0; f) +N(r, 0;L(z, f))}+N(r,∞; f) +N(r,∞;L(z, f))
+
m∑
j=1
N2(r, βj;F ) +
m∑
j=1
N2(r, βj;G) +N∗(r,∞; f, L(z, f))
−
(
t− 3
2
)
N ∗(r, 1;F,G) + S(r, f) + S(r, L(z, f)).
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Proof. Using the second fundamental theorem of Nevalinna, we get
(m+ 1){T (r, F ) + T (r, G)}
≤ N(r, 0;F ) +N(r, 1;F ) +N(r,∞;F ) +
m∑
j=1
N(r, βj ;F ) +N(r, 0;G)
+N(r, 1;G) +N(r,∞;G) +
m∑
j=1
N(r, βj;G)−N0(r, 0;F ′)−N0(r, 0;G′)
+S(r, F ) + S(r, G).
Now using Lemma 2.1, Lemma 2.2, Lemma 2.3 and Lemma 2.4, we have(
m+
1
2
)
{T (r, F ) + T (r, G)}
≤ N2(r, 0;F ) +N2(r, 0;G) +
m∑
j=1
N2(r, βj;F ) +
m∑
j=1
N2(r, βj;G) +N(r,∞; f)
+N(r,∞;L(z, f)) +N∗(r,∞;F,G1)−
(
t− 3
2
)
N ∗(r, 1;F,G) + S(r, F )
+S(r, G).
i.e.,
n
(
m+
1
2
)
{T (r, f) + T (r, L(z, f))}
≤ 2{N(r, 0; f) +N(r, 0;L(z, f))}+N(r,∞; f) +N(r,∞;L(z, f))
+
m∑
j=1
N2(r, βj;F ) +
m∑
j=1
N2(r, βj;G) +N∗(r,∞; f, L(z, f))
−(t− 3
2
)N ∗(r, 1;F,G) + S(r, f) + S(r, L(z, f)).

Lemma 2.6. Let F, G be given by (2.1) and (2.2), n ≥ 8 is an integer and
V 6≡ 0. If F, G share (1, 2), and f, L(z, f) share (∞, k), where 0 ≤ k <∞, then
the poles of F and G are zeros of V and
(nk + n− 1)N(r,∞; f |≥ k + 1)
= (nk + n− 1)N(r,∞;L(z, f)) |≥ k + 1)
≤ N(r, 0; f) +N(r, 0;L(z, f)) +N∗(r, 1;F,G) + S(r, f) + S(r, L(z, f)).
Proof. Since f(z), L(z, f) share (∞; k), it follows that F, G share (∞;nk) and
so a pole of F with multiplicity p(≥ nk + 1) is a pole of G with multiplicity
r(≥ nk + 1) and vice versa. We note that F and G have no pole of multiplicity
q where nk < q < nk + n. Now using the Milloux theorem [[11], p. 55], we get
from the definition of V ,
m(r, V ) = S(r, f(z)) + S(r, L(z, f)).
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Hence
(nk + n− 1)N(r,∞; f |≥ k + 1)
= (nk + n− 1)N(r,∞;L(z, f) |≥ k + 1)
≤ N(r, 0;V )
≤ T (r, V1) +O(1)
≤ N(r,∞;V1) +m(r, V ) +O(1)
≤ N(r, 0;F ) +N(r, 0;G) +N ∗(r, 1;F,G) + S(r, f(z)) + S(r, L(z, f))
≤ N(r, 0; f) +N(r, 0;L(z, f)) +N∗(r, 1;F,G1) + S(r, f) + S(r, L(z, f)).

Lemma 2.7. [7] Let m(≥ 1) and n(> 2m) be two positive integers, A, B are non
zero complex numbers such that
A
B
=
(n−m)2
n(n− 2m) . Then the polynomial
Φ(h) = A(hn − 1)(hn−2m − 1)− B(hn−m − 1)2
of degree 2n − 2m has one zero of multiplicity 4 which is 1 and all other zeros
are simple.
Lemma 2.8. [19] Let F , G share (∞, 0) and V ≡ 0. Then F ≡ G.
3. Proof of the theorems
Proof of Theorem 1.1. Let F and G be two functions defined in (2.1) and (2.2).
Since Ef (S, 3) = EL(z,f)(S, 3) and Ef ({∞}, 0) = EL(z,f)({∞}, 0), it follows
that F , G share (1, 3) and (∞, 0).
From (1.6), we have
T (z)− βi = −a
m∏
j=1
(z − ωj)3Rn−3m(z)
bz2m + czm + d
,
where Rn−3m(z) is a polynomial of degree n− 3m and i = 1, 2, . . . , m.
Therefore, we have
N2
(
r, βi;F
)
≤ 2N(r, ωj; f) +N(r, 0;Rn−3m(f))(3.1)
≤ 2N(r, ωj; f) + (n− 3m)T (r, f) + S(r, f)
≤ (n−m)T (r, f) + S(r, f).
Similarly,
N2
(
r, βi;G
)
≤ (n−m)T (r, L(z, f)) + S(r, L(z, f)),(3.2)
for each i = 1, 2, . . . , m.
Case 1: Suppose H 6≡ 0. Then F 6≡ G. So, it follows from Lemma 2.8 that
V 6≡ 0.
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Using (3.1), (3.2) and Lemma 2.6 in Lemma 2.5, we obtain
n
(
m+
1
2
)
{T (r, f(z)) + T (r, L(z, f))}
≤ 2{N(r, 0; f() +N(r, 0;L(z, f))}+N(r,∞; f) +N(r,∞;L(z, f))
+
m∑
i=1
N2(r, βi;F ) +
m∑
i=
N2(r, βi;G) +N∗(r,∞; f, L(z, f))
−
(
t− 3
2
)
N∗(r, 1;F,G) + S(r, f) + S(r, L(z, f))
≤ 2{N(r, 0; f) +N(r, 0; f, L(z, f))}+ 2
n− 1{N(r, 0; f) +N(r, 0; f, L(z, f))}
+
1
nk + n− 1{N(r, 0; f) +N(r, 0; f, L(z, f))}+
m∑
i=1
N2(r, βi;F )
+
m∑
i=1
N2(r, βi;G)−
(
t− 3
2
− 2
n− 1 −
1
nk + n− 1
)
N ∗(r, 1;F,G)
+S(r, f) + S(r, L(z, f))
≤ 2{T (r, f) + T (r, L(z, f))}+m(n−m){T (r, f) + T (r, L(z, f))}
+
2
n− 1{T (r, f) + T (r, L(z, f))}+
1
nk + n− 1{T (r, f) + T (r, L(z, f))}
−
(
t− 3
2
− 2
n− 1 −
1
nk + n− 1
)
N ∗(r, 1;F,G) + S(r, f) + S(r, L(z, f)).
Therefore,
(
n
2
− 2− 2
n− 1 −
1
nk + n− 1 +m
2
)
{T (r, f) + T (r, L(z, f))}(3.3)
≤ −
(
t− 3
2
− 2
n− 1 −
1
nk + n− 1
)
N ∗(r, 1;F,G) + S(r, f) + S(r, L(z, f)).
Subcase 1.1: Suppose n = 2m+ 3.
Subcase 1.1.1: Let m = 1. Then n = 5. Therefore, putting the values of m,
n, t = 3 and k = 0 in (3.3), we get
T (r, f) + T (r, L(z, f)) ≤ −N(r, 1;F,G) + S(r, f) + S(r, L(z, f)).
i.e.,
T (r, f) + T (r, L(z, f)) ≤ S(r, f) + S(r, L(z, f)),
which is a contradiction.
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Subcase 1.1.2: Suppose m ≥ 2. Then n ≥ 7. Then putting t = 3 and k = 0
in (3.3), we get
{
n
2
− 2− 3
n− 1 +m
2
}
(T (r, f) + T (r, L(z, f)))
≤ −
(
3
2
− 3
n− 1
)
N ⋆(r, 1; f, L(z, f)) + S(r, f) + S(r, L(z, f)).
Since
3
2
− 3
n− 1 > 0 for n ≥ 7, the above equation can be written as{
n
2
− 2− 3
n− 1 +m
2
}
(T (r, f) + T (r, L(z, f))) ≤ S(r, f) + S(r, L(z, f)),
which is not possible since m ≥ 2 and n ≥ 7.
Case 2: Suppose H ≡ 0. After integration we get,
(3.4) F ≡ AG+B
CG+D
,
where A,B,C,D are complex constants satisfying AD −BC 6= 0.
As F , G share (∞, 0), it follows from (3.4) that f , L(z, f) share (∞,∞) and
T (r, f(z)) = T (r, L(z, f)) + S(r, f).
Subcase 2.1: Let AC 6= 0. Then F − A
C
=
−(AD −BC)
C(CG+D)
6= 0.
Therefore, by the Second Fundamental Theorem of Nevallina, we get
nT (r, f) ≤ N(r, 0;F ) +N(r,∞;F ) +N(r, A
C
;F ) + S(r, F )
≤ 2T (r, f) + S(r, f)
which is a contradiction since n ≥ 2m+ 3.
Subcase 2.2: Suppose that AC = 0. Since AD−BC 6= 0, both A and C are
not zero simultaneously.
Subcase 2.2.1: Suppose A 6= 0 and C = 0. Then (3.4) becomes F ≡ αG+ β,
where α =
A
D
and β =
B
D
.
Subcase 2.2.1.1: Let F has no 1-point. Then by the Second Fundamental
Theorem, we get
T (r, F ) ≤ N(r, 0;F ) +N(r, 1;F ) +N(r,∞;F ) + S(r, F )
or,
(n− 2)T (r, f) ≤ S(r, f),
which is a contradiction.
Subcase 2.2.1.2: Let F has some 1-point. Then α + β = 1.
Subcase 2.2.1.2.1: Suppose α 6= 1. Then F ≡ αG+ 1− α.
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Therefore, by the Second Fundamental Theorem, we get
(m+ 1)T (r, F )
≤ N(r, 0;F ) +N(r,∞;F ) +N(r, 1− α;F ) +
m∑
j=1
N(r, βj;F ) + S(r, F )
≤ N(r, 0;F ) +N(r,∞;F ) +N(r, 0;G) +
m∑
j=0
N(r, βj;F ) + S(r, F )
≤ 3T (r, f) +mnT (r, f).
i.e.,
(n− 3)T (r, f) ≤ S(r, f),
which is again a contradiction since n ≥ 2m+ 3.
Subcase 2.2.1.2.2: Suppose α = 1. Then F ≡ G.
i.e.,
af(z)n
bf(z)n + cf(z)m + d
≡ aL(z, f)
n
bL(z, f)2m + cL(z, f)m + d
.
i.e.,
f(z)n
(
bL(z, f)2m + cL(z, f)m + d
) ≡ L(z, f)n (bf(z)n + cf(z)m + d) .
Suppose that h(z) = L(z,f)
f(z)
. Then the above equation can be written as
d(hn − 1) + cfmhm(hn−m − 1) + bf 2mh2m(hn−2m) = 0.(3.5)
Suppose h(z) is not constant.
After some simple calculation the above equation becomes(
bfmhm(hn−2m) +
c
2
(hn−m − 1)
)2
=
(c2(hn−m − 1)2 − 4bd(hn−2m − 1)(hn − 1))
4
=
1
4
Φ(h).
Therefore in view of Lemma 2.7, the above equation takes the form
(
bfmhm(hn−2m) +
c
2
(hn−m − 1)
)2
=
1
4
(h− 1)4
2n−2m−4∏
j=1
(h− ηj),
where η1, η2, . . . , η2n−2m−4 are the simple zeros of Φ(h).
From the above equation it is clear that all the zeros of h − ηj have order
atleast 2.
Therefore, by the Second Fundamental Theorem, we have
(2n− 2m− 1)T (r, h) ≤
2n−2m−4∑
j=1
N(r, ηj; h) + S(r, h)
≤ 1
2
2n−2m−4∑
j=1
N(r, ηj ; h) + S(r, h)
≤ (n−m− 2)T (r, h) + S(r, h).
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i.e.,
(n−m− 3)T (r, h) ≤ S(r, h),
which is impossible since n ≥ 2m+ 3.
So, h is constant. Hence, from (3.5), we have hn − 1 = 0, hn−m − 1 = 0 and
hn−2m − 1 = 0. Since gcd(n,m) = 1, we must have h ≡ 1.
i.e.,
f(z) ≡ L(z, f).
Subcase 2.2.2: Suppose A = 0 and C 6= 0.
Then (3.4) becomes
F ≡ 1
γG+ δ
,
where γ = C
B
and δ = D
B
.
Subcase 2.2.2.1: Let F has no 1-point. Then applying the second funda-
mental theorem to F , we have
nT (r, f) ≤ N(r,∞;F ) +N(r, 0;F ) +N(r, 1;F ) + S(r, F )
≤ 2T (r, f) + S(r, f),
which is a contradiction.
Subcase 2.2.2.2: Suppose that F has some 1-point. Then γ + δ = 1.
Subcase 2.2.2.2.1: Suppose γ = 1. Then δ = 0 and thus FG ≡ 1.
i.e.,
f(z)nL(z, f)n ≡ (bf 2m + cfm + d)(bL(z, f)2m + cL(z, f)m + d).(3.6)
Since c2 6= 4bd, by simple calculation it can be easily seen that all the roots of
the equation bz2m + czm + d = 0 are simple. Let them be δ1, δ2, . . . , δ2m.
Therefore, (3.6) can be written as
f(z)nL(z, f)n =
2m∏
j=1
(f − δj)
2m∏
j=1
(L(z, f)− δj)(3.7)
From (3.7), it is clear that the order of each δj points of f(z) is atleast n.
As f(z) and L(z, f) share (∞,∞), from (3.6) it is to be observed that ∞ is
a e.v.p. of both f(z) and L(z, f). Therefore, applying the second fundamental
theorem of Nevallina to f , we get
(2m− 1)T (r, f) ≤ 2m
n
T (r, f),
which is a contradiction for n ≥ 2m+ 3.
Subcase 2.2.2.2.2: Let γ 6= 1. Therefore,
F ≡ 1
γG+ 1− γ .
Since C 6= 0, γ 6= 0, G omits the value −1−γ
γ
.
By the Second Fundamental Theorem of Nevalinna, we have
T (r, G) ≤ N(r,∞;G) +N(r, 0;G) +N(r,−1− γ
γ
;G) + S(r, G).
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i.e.,
(n− 2)T (r, L(z, f)) ≤ S(r, L(z, f)),
which is a contradiction.
This completes the proof of the theorem. 
Proof of Corollary 1.1. The proof of the corollary can be carried out in the line
of the proof of theorem 1.1. 
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